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Steady-state entanglement of spatially separated qubits via quantum bath engineering
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We propose a scheme for driving a dimer of spatially separated qubits into a maximally entangled
non-equilibrium steady state. A photon-mediated retarded interaction between the qubits is realized
by coupling them to two tunnel-coupled leaky cavities where each cavity is driven by a coherent
microwave tone. The proposed cooling mechanism relies on striking the right balance between the
unitary and driven-dissipative dynamics of the qubit subsystem. We map the dimer to an effec-
tive transverse-field XY model coupled to a non-equilibrium bath that can be suitably engineered
through the choice of drive frequencies and amplitudes. We show that both singlet and triplet
states can be obtained with remarkable fidelities. The proposed protocol can be implemented with
a superconducting circuit architecture that was recently experimentally realized and paves the way
to achieving large-scale entangled systems that are arbitrarily long lived.
PACS numbers:
Introduction. Entanglement, an intrinsically quan-
tum effect, and its preparation are critical to envi-
sion large-scale quantum computation and simulation
schemes [1]. However, unavoidable interactions of any
quantum system with its environment typically kills en-
tanglement, thereby resulting in a mostly classical world
despite fundamental principles being inherently quan-
tum [2, 3]. The notion of “sudden death of entanglement”
(SDE) which has been theoretically shown in [4, 5] and
experimentally demonstrated subsequently [6] states that
for typical Markovian environments, contrary to the ex-
ponential decay of one-body auto-correlations, two-body
entanglement is killed completely after a finite time in-
terval. Despite the remarkable post-SDE progress, a ro-
bust scheme for long-distance and steady-state entangle-
ment appears to be critical in scaling up the approaches
discussed above to larger quantum networks. A par-
ticularly promising route is that of quantum bath en-
gineering (QBE) [7–11]. A number of simultaneous stud-
ies focused on decoherence in non-Markovian environ-
ments [12–15] showing that entanglement can be sus-
tained over longer times through revivals and trapping.
However, these schemes allow only for transient preser-
vation of coherence and are subject to a limited lifetime.
A method of QBE that is versatile and effective is cavity-
assisted cooling which has been investigated in the con-
text of atomic gases [16–20], opto-mechanical [21, 22] and
spin systems [23]. Remarkable experimental progress in
preparing entangled states was made with superconduct-
ing qubits [24–28], trapped ions [29], macroscopic sys-
tems [30], and neutral atoms [31]. There has been in-
teresting related theoretical proposals [32–37]. Several
challenges however remain for achieving higher fidelities
and scaling up these systems to many-body entangled
states.
In this work, we drive a spatially separated qubit-dimer
into a target entangled two-qubit state. We engineer both
the unitary and the dissipative dynamics via the choice
FIG. 1: (a) Two coupled cavity-qubits driven by microwave lasers.
(b) Effective qubit-qubit interaction mediated by the photons. (c)
NESS diagram of the cooling process from any state |X〉 to the
singlet |S〉. The ellipsis symbolize the transient dynamics. The
by-products are heat and photon leakage.
of the amplitude, phase and the frequency of coherent
drive fields, all highly controllable parameters in a su-
perconducting circuit-based platform. In particular, this
involves optimally choosing a drive frequency ωd com-
mensurate with a non-trivial emergent energy scale of
the open circuit-QED dimer. We note that such a dimer
setup (see Fig. 1) has recently been experimentally real-
ized [38] to study a dissipation driven dynamical local-
ization transition proposed in [39]. We show below that,
with a suitable protocol that only involves continuous-
wave drives, the system can self-stabilize to a target en-
tangled non-equilibrium steady state, singlet or triplet,
with remarkably high fidelities.
We first introduce the driven circuit-QED dimer sys-
tem [38, 39] as well as the typical experimental values of
various parameters. Integrating out the photonic subsys-
tem we arrive at an effective transverse-field XY model
with cavity-mediated retarded interactions and whose
dynamics can be described by a suitably secularized Mas-
2ter equation. After characterizing the emergent energet-
ics of the system, we describe the different protocols to
cool it to desired entangled states and compute the cor-
responding fidelities. Those can be measured via readily
available two-qubit quantum-state tomography [25]. We
shall also discuss our findings in the broader context of
many-body driven dissipative quantum systems.
Model. We consider a set of two identical two-level
systems (“qubits”) embedded in two identical single-
mode cavities which can exchange photons, as shown in
Fig. 1. Both cavities are driven out of equilibrium by
two identical coherent drives which are detuned from the
cavity frequency. We consider the following Hamiltonian
H = Hσ +Hσ,a +Ha , (1)
with Hσ, Hσ,a, and Ha respectively the qubit, the light-
matter coupling, and the photon Hamiltonians (we set
~ = 1)
Hσ =
2∑
i=1
ωq
σzi
2
, Hσ,a = g
∑
i
[
a†iσ
−
i + aiσ
+
i
]
, (2)
Ha =
∑
i
[
ωca
†
iai + 2ǫd cos(ωdt)
(
ai + a
†
i
)]
− J
(
a†1a2 + a1a
†
2
)
. (3)
The two-level systems are represented by SU(2) pseudo-
spin operators, namely Pauli matrices, obeying [σai , σ
b
j ] =
2iδijǫabcσ
c
i where the spin indices a, b, c = x, y, z, the cav-
ity indices i, j = 1, 2 and σ±i ≡ (σxi ± iσyi )/2. ωq is the
energy splitting between ground and excited qubit states,
a†i and ai are respectively the cavity-photon creation and
annihilation operators, [ai, a
†
j ] = δij . g is the light-matter
coupling constant, ωc is the cavity frequency, and J sets
the strength of the photon-hopping between both cav-
ities. ǫd and ωd are respectively the strength and the
frequency of both drives. It is convenient to work in the
photon basis which diagonalizes the undriven Ha,
Ha = ω
−
c A
†A+ ω+c a
†a+ 2
√
2ǫd cos(ωdt)(A+A
†) , (4)
in which the symmetric (asymmetric) combination A ≡
(a1+a2)/
√
2 [a ≡ (a1−a2)/
√
2] corresponds to the sym-
metric (asymmetric) mode ω−c (ω
+
c ) of the coupled-cavity
system with ω±c ≡ ωc ± J . Hσ alone corresponds to two
independent bare qubits, the eigenstates and eigenener-
gies of which are given by the triplet and singlet states:
|T+〉 ≡ | ↑〉1 ⊗ | ↑〉2 ≡ | ↑↑〉 , ET+ = ωq ,
|S〉 ≡ [| ↑↓〉 − | ↓↑〉] /√2 , ES = 0 ,
|T0〉 ≡ [| ↑↓〉+ | ↓↑〉] /
√
2 , ET0 = 0 ,
|T−〉 ≡ | ↓↓〉 , ET− = −ωq .
(5)
We include photon leakage outside the cavities at a rate
κ. The density of states for the asymmetric and symmet-
ric modes are ρ±(ω) = −Im GR±(ω)/π where the retarded
ωc = 6 ωq = 7 g = 10
−1 J = 10−1 κ = 10−4 γ = 10−5 γϕ = 10
−6
TABLE I: Typical energy scales (in 2π×GHz) that we consider.
Green’s function are given by GR±(ω) = 1/(ω−ω±c +iκ/2).
We also include qubit decay and pure dephasing rates, γ
and γϕ respectively, which can be seen as the effect of
coupling each qubit to a zero-temperature bosonic bath.
These dissipative processes will play an instrumental role
in our cooling scheme.
Effective dissipative XY model. We treat the light-
matter coupling with a second order perturbation theory
in g/∆ where ∆ ≡ ωq − ωc. In Table I, we give the
typical experimental energy scales that we have in mind
and which obey the hierarchy ∆ ≫ g, J ≫ κ, γ ≫ γϕ.
The pure dephasing rate is the smallest energy scale [40].
Next, we eliminate the explicit time-dependence of the
Hamiltonian by use of a rotating wave approximation.
This can be done by first transforming the Hamiltonian
in Eq. (1) with the Schrieffer-Wolff transformation, H 7→
eXHeX
†
, where
X ≡ g√
2
[
A(σ+1 + σ
+
2 )
ωq − ω−c
+
a(σ+1 − σ+2 )
ωq − ω+c
− h.c.
]
. (6)
Up to the order (g/∆)2, this operation eliminates the
non-linearities in Hσ,a at the expense of renormalizing
the qubit sector. As a consequence, the photon hopping
gives rise to a cavity-mediated retarded interaction be-
tween the qubits as we shall show below [see Fig. 1 (b)].
We then go to a rotating frame, H 7→ Urot [H − i∂t]U †rot,
with
Urot ≡
2∏
i=1
exp
[
iωdt
(
σzi
2
+ A†A+ a†a
)]
, (7)
and neglect the fast rotating terms of the form e2iωdta†i .
In the rotating frame, the bare energies are shifted by
ωd: ωq 7→ ωq−ωd, ωc 7→ ωc−ωd. Noting that the drives
couple to the symmetric mode of the coupled cavity sys-
tem, we decompose the photon fields into mean fields
plus fluctuations:
A ≡ A¯+D, a ≡ a¯+ d, and N¯ ≡ |A¯|2 , (8)
where (to the lowest order in the light-matter coupling)
A¯ ≃
√
2 ǫd
ωd − ω−c + iκ/2
, and a¯ = 0 . (9)
We neglect the resulting quadratic terms in the fluctua-
tions which couple to the qubits, e.g. (g/∆)2D†Dσzi [11].
More generally, we shall make sure to work in regimes for
which the photon fluctuations are relatively small to com-
ply with the validity requirements of the Schrieffer-Wolff
perturbation theory [41].
3The mean-field photonic background renormalizes the
qubit sector and results in the following Hamiltonian
H˜ =H˜σ + H˜σ,d + H˜d . (10)
The qubits are now explicitly coupled, providing an
experimental realization of a two-site transverse-field
isotropic XY model:
H˜σ =
2∑
i=1
h · σi
2
− 1
2
J
( g
∆
)2
[σx1σ
x
2 + σ
y
1σ
y
2 ] , (11)
with (hx, hy, hz) ≡ (ΩR, 0,∆q) where ΩR ≡ 2(g/∆)ǫd
and ∆q ≡ ωq − ωd + (g/∆)2
[
(N¯ + 1)∆+
√
2ǫdRe A¯
]
.
The eigenstates and eigenenergies of H˜σ to lowest order
in g/∆ are
|T˜+〉≃ |T+〉+
ΩR√
2∆q
|T0〉 , ET˜+≃ ∆q +
Ω2R
2∆q
,
|S˜〉 = |S〉 , E
S˜
= J(g/∆)2 ,
|T˜0〉 ≃ |T0〉+
ΩR√
2∆q
[|T−〉 − |T+〉], ET˜0 ≃ −J(g/∆)
2 ,
|T˜−〉≃ |T−〉 −
ΩR√
2∆q
|T0〉 , ET˜−≃ −∆q −
Ω2R
2∆q
.
(12)
The degeneracy between |S〉 and |T0〉 has been lifted by
the effective qubit-qubit interaction. The triplet states
were modified by the light-matter interaction, however
the eigenstate |S˜〉 still corresponds to the singlet state of
the two bare qubits. This is due by our symmetric set-up
in which both qubits, cavities, and drives are identical.
Photon fluctuations on top of the coherent part couple
to the qubits via
H˜σ,d =
1
2
( g
∆
)2 [(
A¯∆+
ǫd√
2
)
D† (σz1 + σ
z
2)
+
(
A¯∆+
ǫd√
2
)
d† (σz1 − σz2)
]
+ h.c. (13)
which induces transitions between the eigenstates of H˜σ.
We treat H˜σ,d as a perturbation to H˜σ and access the
dynamics of the reduced density matrix of the spin sec-
tor, ρσ, via a Master equation approach. The integra-
tion over the degrees of freedom of the baths (D’s and
d’s) is performed by assuming that they are in zero-
temperature vacuum states. We shall see below that the
deviations from this approximation can be estimated to
be insignificant in the regime we study. Importantly,
as the relaxation time scale of the photon-fluctuation
bath, 1/κ, can be larger than the typical time scale on
which ρσ evolves, the dynamics of the latter is a pri-
ori non-Markovian. However, once a steady state is
reached, ρNESSσ ≡ lim
t→∞
ρσ, the usual Markovian approxi-
mation is exact [42–44] and we obtain the following non-
equilibrium steady-state Master equation
∂tρ
NESS
σ = 0 =− i
∑
k
Ek
[|k〉〈k|, ρNESSσ ]
+
∑
kl
Γk→lD[|l〉〈k|] ρNESSσ , (14)
where k and l span the eigenstates of H˜σ. The
Lindblad-type dissipators are defined as D[X ]ρ ≡(
XρX† −X†Xρ+ h.c.) /2. The integration over the
bath degrees of freedom yielded both Lamb-shift renor-
malizations of the energy levels (real part of self-energy)
Ek 7→Ek +
∑
l
[
|ΛDkl|2Re GR−(Ek − El + ωd)
+ |Λdkl|2Re GR+(Ek − El + ωd)
]
, (15)
as well as the transition rates Γk→l between those states
(Fermi golden rule)
Γk→l ≡ Γbk→l + Γdk→l, with Γb=


γϕ γ γ 0
0 0 γϕ γ
0 γϕ 0 γ
0 0 0 γϕ

,
(16)
originating from the qubit decay and dephasing, and with
the photon-fluctuation mediated part reading
Γdk→l =2π|ΛDkl|2 ρ−(Ek − El + ωd)
+ 2π|Λdkl|2 ρ+(Ek − El + ωd) , (17)
where
ΛD = λ


1 α 0 0
α 0 0 α
0 0 0 0
0 α 0 1

 , Λd = λ


0 0 α 0
0 0 1 0
α 1 0 α
0 0 α 0

 , (18)
in which λ ≡ (g/∆)2 (A¯∆+ ǫd/√2) and α ≡√
2 (g/∆) (ǫd/∆q). Matrix rows (columns) are ordered
according to |T˜−〉, |T˜0〉, |S〉, and |T˜+〉 from left to right
(top to bottom).
One can re-write the Master equation (14) as the rate
equations governing the population of each of the eigen-
states |k〉 of H˜σ, nk ≡ 〈k|ρσ|k〉:
dnNESSk
dt
= 0 =
∑
l
nNESSl Γl→k − nNESSk Γk→l , (19)
which together with the conservation law
∑
k nk = 1,
enables us to numerically solve for the non-equilibrium
steady state.
Cooling protocols. By carefully tuning the drive fre-
quency ωd, one can engineer the photon fluctuations to
trigger transitions from one renormalized eigenstate to
another by Raman inelastic scattering.
We first explain the protocol to achieve convergence to
the singlet state, ρNESSσ ≈ |S〉〈S|, and assess its fidelity
by following the population nNESSS ≡ 〈S|ρNESSσ |S〉. In
the following discussion, we work in a parameter space
for which the Lamb-shift corrections can be neglected.
Nevertheless, high fidelities can also be obtained away
from this regime.
4FIG. 2: (a) Mechanism for cooling to the singlet state: the pho-
ton fluctuations drive the qubit transitions from |T˜−〉 to |S〉 and
from |S〉 to |T˜+〉 (upward arrows). Qubit decay (wavy arrows) is
responsible for downward transitions and dephasing (|T˜+〉) intro-
duces transitions between |S〉 and |S〉. (b) Similar mechanism for
cooling to |T˜0〉.
By choosing ωd such that
ωd = ω
+
c + ES˜ − ET˜− , i .e. 2ωd ≈ ω
+
c + ωq , (20)
the energy of an incoming photon can be used to add
a photon in the cavity-asymmetric mode and simultane-
ously perform a qubit transition from |T˜−〉 to |S〉. Note
that Eq. (20) describes a one-photon process in the ro-
tating frame which corresponds to a two-photon process
in the lab frame. The corresponding rate is maximized,
Γd
T˜−→S
≈ 400 (g/∆)6(ǫ4d/∆2)/κ, and the large ratio
Γ
T˜−→S
/
Γ
S→T˜−
≃ Γd
T˜−→S
/
γ ≫ 1 (21)
allows for a rapid pumping from the state |T˜−〉 to
the singlet state via Stokes (red-shifted) scattering (see
Fig. 2) on a very short time scale, 1/Γd
T˜−→S˜
, associ-
ated with the fluctuation-driven transitions. Since the
energy splitting between the states |S〉 and |T˜+〉 is rel-
atively close to the one between |T˜−〉 and |S〉 states,
there is a simultaneous off-resonant process pumping
from the state |S〉 to the state |T˜+〉 with a rate Γd
S→T˜+
≈
52 (g/∆)2(ǫ4d/∆
2)(κ/J2) ≪ Γd
T˜−→S
. Both these pro-
cesses are represented in Fig. 2 (a). Note that there
is no significant pumping from |T˜0〉 to |T˜+〉, nor from
|T˜−〉 to |T˜0〉, because they involve producing cavity-
symmetric photons which are detuned by 2J from the
Raman resonance of Eq. (20): ΓD
T˜−→T˜0
≃ ΓD
T˜0→T˜+
≈
100 (g/∆)6(ǫ4d/∆
2)(κ/J2)≪ Γd
S˜→T˜+
≪ Γd
T˜−→S
. At later
times, dissipation drives the system to the singlet state
according to the following mechanism. Note first that
|T˜0〉 is only subject to spin decay and its population de-
cays to 0 on a time scale set which is set by the qubit
decay, i.e. on the order of 1/γ. Furthermore, the only
decay channel of the singlet, from |S〉 to |T˜−〉, is com-
pensated by the rapid repumping to |S〉, see Fig. 2 (a).
On the contrary, the state |T˜+〉 has two decay channels:
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FIG. 3: (a) Cooling to |S〉. Left: optimal ωd solution of Eqs. (20)
against the drive strength ǫd. Right: fidelity nS = 〈S|ρ
NESS|S〉 in
a small region of ωd and ǫd. (b) Same for cooling to |T˜0〉. We used
the parameters of Table I and units are GHz.
one to |T˜0〉 and another one which directly feeds |S〉.
Altogether, the cooling to the singlet state is achieved
with high fidelity and on a time scale on the order of 1/γ
whenever the hierarchy
Γd
S˜→T˜+
≪ γ ≪ Γd
T˜−→S˜
(22)
is obeyed. This condition transparently elucidates that
the fidelity is the result of an intricate interplay between
drive, cavity decay, qubit dissipation and light-matter
coupling. In particular, since ǫd enters both sides of the
hierarchy above, high fidelity is obtained in a finite win-
dow of the drive strength.
One can check a posteriori the assumption of zero-
temperature vacuum D and d baths by accessing the
photonic properties of the system. Although the drive
does not couple to the asymmetric-cavity mode, it is in-
directly populated by the Raman scattering processes:
one photon is produced each time a transition from |T˜−〉
to |S〉 or from |S〉 to |T˜+〉 occurs. Hence, their average
number nd ≡ 〈d†d〉 follows
dnd
dt
= nT−ΓT˜−→S + nSΓS→T˜+ − κnd . (23)
Similarly for the the cavity-symmetric fluctuations, nD ≡
〈D†D〉, we have
dnD
dt
= n
T˜−
Γ
T˜−→T˜0
+ n
T˜0
Γ
T˜0→T˜+
− κnD . (24)
One may wonder if driving the transition between |T˜0〉
and |S〉, i.e. tuning the drive frequency ωd ≈ ωc +ES˜ −
5E
T˜0
, would also result to cooling to the singlet. In fact,
the lack of a mechanism to deplete the population of |T˜−〉
would make it a dark state, leading to the trivial steady
state ρNESS = |T˜−〉〈T˜−|.
One can also cool down the system to the other entan-
gled eigenstate of H˜σ, |T˜0〉, by tuning ωd such that
ωd = ω
−
c + ET˜0 − ET˜− . (25)
The cooling mechanism, Fig. 2 (b), is very similar to
the one already described for the singlet and we shall
not describe it in detail here. In practice, as the overlap
between the original and the renormalized triplet states
is |〈T0|T˜0〉|2 ≈ 1, this signifies that the system can be
cooled to |T0〉 with high fidelity.
In the left panels of Fig. 3, we plot the optimal drive
frequencies, solutions of Eqs. (20) and (25), to cool the
system to the |S〉 and |T˜0〉 states respectively. The dif-
ference between the optimal drive frequencies for cooling
to the singlet and to the triplet state is J which corre-
sponds to the energy splitting between the two coupled-
cavity modes, (ω+c −ω−c )/2. In the right panel, we present
the non-equilibrium steady-state populations of the qubit
singlet (nNESSS ) and triplet states (n
NESS
T˜0
) in a small re-
gion of the drive strength ǫd and the drive frequency ωd.
These quantities are readily measurable [25]. High fideli-
ties can be obtained all across the parameter regime. The
overall parabolic shape of the high fidelity zones stems
from the quadratic dependence of the eigenenergy split-
tings (e.g. E
S˜
− E
T˜−
) on ǫd.
Conclusions. The entanglement generation we de-
scribed here is for qubits in two separate, tunnel-coupled
cavities. Hence, in contrast to autonomous feedback
schemes that typically rely on interactions in a single
cavity, the qubits can in principle reside in two cavities
that are connected by a waveguide, as recently demon-
strated in [45]. The proposed scheme is therefore scal-
able to larger networks of spatially separated qubits and
provides a general framework for the realization of syn-
thetic non-equilibrium many-body systems subject to an
engineered Liouvillian on a superconducting circuit plat-
form [39]. In particular, the model analyzed above can
be extended to a dissipative transverse-field XY model
on a lattice [47]. Also, identifying the signatures of en-
tanglement in the photonic properties [46] is of high ex-
perimental importance and remains to be investigated.
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